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Quantum Dynamics and Control

Quantum Dynamics:

Oru = A(t; 0) u, u(0) = wo

compute u(T;6), where

e u(t) represents state of quantum system at time ¢,
e A completely describes the dynamics of the quantum system,

e (€ Q are a set of controls.

Optimal Control:
0" = argmax f(u(T;0)),
6eQ

where f is an appropriate objective function.
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Quantum Dynamics:

Oru = A(t; 0) u, u(0) = wo
Need accurate models A(t; ) and efficient numerical methods to
compute u(T;6), where

e u(t) represents state of quantum system at time ¢,
e A completely describes the dynamics of the quantum system,

e # € Q are a set of controls.

Optimal Control:
0" = argmax f(u(T;0)),
6eQ

where f is an appropriate objective function.

Need efficient and accurate gradients of f, and optimisation algorithms.
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Quantum Dynamics — ODEs and PDEs

1. Schrédinger (PDE)
iedp = H(t;0)p = —’Av+ V(x,t;0)1.

Laser control.
Electrons ¢ = 1.
Nuclei e <« 1.

2. Liouville-von Neumann (ODE)
Op=L(t;0)p = —i[H(t;0),p] + R(p)-

Spin dynamics.
NMR. ESR.
Quantum Gates.

optimal control <= (electric or magnetic) pulse design



e The matrix exponential

e The Magnus expansion

Specialised splittings for Schrodinger equation under laser potential

Spin dynamics and control
e Dynamics
e Computation of gradients
e Optimization strategies
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The matrix exponential

Otu = ./4U7 U(O) = Up

The exact solution is given by the matrix exponential

o0 K
u(t) = eup = Z %
k=0
Schrodinger = =1 LvN = = o
A —iH —iady adx(Y) = [X, Y]
et iy Ad, i Adg(X) = gXg !
mass I () ll2= [1%(0)|2 tr(p(t)) = tr(p(0))

energy  (i(t), Hyp(t)) = ((0), Hyp(0))  tr(Hp(t)) = tr(Hp(0))

exp maps Lie algebra il € su(n) to Lie group e~ € U(n).
These properties are also desired from numerical approximations.

If Ais easily diagonalisable, A = U diag(\1,...,\,) U,
" =U diag(ctkl, e ,QM”) uUr.



Rational approximations to exp(—ihH)u,

efx1+z upy1 = (I — ihH)u, F.E. ||unll2— oo
e’ =~ ﬁ (I + ihH)ups1 = up B.E. [|unl[2— O
o v {22 (I +i(h/2)H) tpy1 = (I — i(h/2)H) u,  C.N.

llunll2= [luoll2

Crank Nicholson conserves mass, energy and maps su(n) to U(n).
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However, Padé methods are Taylor based and
focus effort near the origin.
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Uniform approximation: AAA (NST 18. SIAM
J. Sci. Comput.) and AAA-Lawson (NT 20.
SIAM J. Sci. Comput.). Nakatsukasa, Séte,
Trefethen.
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Lanczos approximations to exp(—ihH)u,

u(h) = e"u
We need to approximate matrix-vector product exp(hA)uo. Krylov subspace:
Km(A, uo) :span{uo,Auo7A2uo,...,Am*luo}7 m € N.

Lanczos: power-iteration interspersed with Gram—Schmidt orthogonalisation.
Produces basis V,, and tridiagonal Hp,.

hA hH
e up & Vme "V o

Really effective if m < N (Hm is m x m, Ais N x N).

102 —— ‘
'." — EITOT

...... bounds

hllAll

02 error

—14 | | 0
1077, 20 40 60 80 100

number of iterations, m
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Need m > h||Al|. Hochbruck & Lubich 97.
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Approximating the matrix exponential

Different methods might be more efficient depending on the matrix structure.

C. Moler & C. V. Loan, Nineteen dubious ways to compute the exponential of a matrix, SIAM
Review 78; Nineteen Dubious Ways to Compute the Exponential of a Matrix, Twenty-Five Years
Later, SIAM Review 03.

e Diagonalisation

e Padé

o AAA & AAA-Lawson (new) JS 23. Under review; JS 23. In preparation.
e Taylor

e Chebyshev

e Scaling and squaring

e Lanczos (polynomial Krylov)

e Rational Krylov (new)
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e Splitting


https://www.jstor.org/stable/2029743
https://www.jstor.org/stable/2029743
https://doi.org/10.1137/S00361445024180
https://doi.org/10.1137/S00361445024180
https://arxiv.org/abs/2205.10606

Exponential splittings

Oru = (A+ B)u, u(0) = uo,


https://link.springer.com/article/10.1007/s10208-013-9182-8

Exponential splittings

Oru = (A+ B)u, u(0) = uo, A=iA, B=—iV


https://link.springer.com/article/10.1007/s10208-013-9182-8

Exponential splittings

Oru = (A+ B)u, u(0) = uo, A=iA, B=—iV

exact solution is
u(h) = e"ATB) g,


https://link.springer.com/article/10.1007/s10208-013-9182-8

Exponential splittings

Oru = (A+ B)u, u(0) = uo, A=iA, B=—iV
exact solution is
u(h) = e"ATB) g,

If e and e"® are easier to compute, split the exponential:

splitting error name stages

eMeht O (h2) Trotter 2


https://link.springer.com/article/10.1007/s10208-013-9182-8

Exponential splittings

Oru = (A+ B)u, u(0) = uo, A=iA, B=—iV
exact solution is
u(h) = e"ATB) g,

If e and e"® are easier to compute, split the exponential:
splitting error name stages
ehAehB O(hz) Trotter 2

hAehBe2h o(h*) Strang 3


https://link.springer.com/article/10.1007/s10208-013-9182-8

Exponential splittings

Oru = (A+ B)u, u(0) = uo, A=iA, B=—iV
exact solution is

u(h) = e"ATB) g,

If e and e"® are easier to compute, split the exponential:
splitting error name stages
ehAehB O(hz) Trotter 2
hAehBe2h o(h*) Strang 3
e 1MePhBenhA | ghnhB  g2hAghhBeabA O (p2PtT) Classical 0(27)


https://link.springer.com/article/10.1007/s10208-013-9182-8

Exponential splittings

Oru = (A+ B)u, u(0) = uo, A=iA, B=—iV
exact solution is

u(h) = e"ATB) g,

If e and e"® are easier to compute, split the exponential:
splitting error name stages
ehAehB O(hz) Trotter 2
hAehBe2h o(h*) Strang 3
e 1MePhBenhA | ghnhB  g2hAghhBeabA O (p2PtT) Classical 0(27)

o8Bt A3 B+ (4 BLB) BA LB O(K*™)  Compact  O(2°)


https://link.springer.com/article/10.1007/s10208-013-9182-8

Exponential splittings

Oru = (A+ B)u, u(0) = uo, A=iA, B=—iV
exact solution is
u(h) = e"ATB) g,

If e and e"® are easier to compute, split the exponential:
splitting error name stages
ehAehB O(hz) Trotter 2
hAehBe2h o(h*) Strang 3

e 1MePhBenhA | ghnhB  g2hAghhBeabA O (p2PtT) Classical 0(27)
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The matrix exponential

e The Magnus expansion

Specialised splittings for Schrodinger equation under laser potential
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u(h) = exp (©(h)) wo,
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Magnus expansion

The solution to u'(t) = A(t)u(t) is NOT
u(t) = "y,

NOR
u(t) = el O % g,

although the latter gives an approximation for small t. Magnus 54 sought ©(h)

such that exact solution is
u(h) = exp (©(h)) uo,
©(h) is the Magnus expansion,
h h
o - | o dsfi I [, e ac ae
b [ [F1a00. 140, AN axacae

h ¢
+%/0/05/0 [1AG). A(Q)] , A(€)] dx dC de + ...
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Magnus expansion

The solution to u'(t) = A(t)u(t) is NOT
u(t) = Oy,

NOR
u(t) = el A%y,

although the latter gives an approximation for small t. Magnus 54 sought ©(h)
such that exact solution is

u(h) = exp (©(h)) uo,
©(h) is the Magnus expansion,
h h e
o) = / A(€) dé—1 / / [A(C), A€)] dC de

h r& re

& [ [ 1460.140). A ax acae
h ¢

3 [1 [ [Fraco. a0 aen axacae+ .

In practice: truncate series, discretise integrals, approximate matrix exponential.
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Magnus—Lanczos methods

The exponentiation of the sixth-order Magnus expansion
O5(h) = (5A1 + 84> + 543) — YA2 (2[Ar, A2] + [A1, As] + 2[As, As])
+ 5i15 (94[A1, [A1, Ao]] + 45[A1, [Ar, As]] + 194[Ay, [Az, As]] — 152[As, [Ar, Aq]]

+ 152[Az, [A2, As]] — 194[As, [A1, A2]] — 45[As, [A1, A3]] — 94[As, [A2, A3]]),
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Lanczos: Nested commutators = ©Os(h)u costly.
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+ 152[A;, [Az, As]] — 194[As, [A1, Ax]] — 45[As, [A1, As]] — 94[As, [Az, As]]),
Lanczos: Nested commutators = Os(h)u costly. Large ||©s|| = large m.

e Fewer commutators Munthe—Kaas & Owren 99
©4(h) =h + 5545 — 1, L] + 5551d2, Ss] + 355 (4, [, sl
— sh5 [y D1, Rl + 751, [, [, 2200,
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+ 5i15 (94[A1, [A1, Ao]] + 45[A1, [Ar, As]] + 194[Ay, [Az, As]] — 152[As, [Ar, Aq]]

+ 152[A;, [Az, As]] — 194[As, [A1, Ax]] — 45[As, [A1, As]] — 94[As, [Az, As]]),
Lanczos: Nested commutators = Os(h)u costly. Large ||©s|| = large m.

e Fewer commutators Munthe—Kaas & Owren 99
©4(h) =h + 5545 — 1, L] + 5551d2, Ss] + 355 (4, [, sl
— sh5 [y D1, Rl + 751, [, [, 2200,

e Commutator-free splittings. Alvermann & Fehske 11,

exp(©,) &~ exp <2”: clkhA(tk)) ...exp <2’7: Cpkh A(tk)> 5
k=1

k=1
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Magnus—Lanczos methods

The exponentiation of the sixth-order Magnus expansion

O5(h) = (5A1 + 84> + 543) — YA2 (2[Ar, A2] + [A1, As] + 2[As, As])

+ ﬁ(94[A1, [Al, Az]] + 45[A1, [Al, A3]] + 194[A1, [AQ7 Ag]] = 152[A2, [Al, Az]]
+ 152[A;, [Az, As]] — 194[As, [A1, A2]] — 45[As, [A1, As]] — 94[As, [A2, As]]),

Lanczos: Nested commutators = Os(h)u costly. Large ||©s|| = large m.

e Fewer commutators Munthe—Kaas & Owren 99
©4(h) =h + 5545 — 1, L] + 5551d2, Ss] + 355 (4, [, sl
— sh5 [y D1, Rl + 751, [, [, 2200,

e Commutator-free splittings. Alvermann & Fehske 11,
exp(©,) &~ exp <Z clkhA(tk)) ...exp <Z Cpkh A(tk)> 5
k=1 k=1

e Solve commutators in algebra of differential operators.
©2(h) = iAtD] — ipg,0(h) — 2 (Bxpr,1(h)),
©3(h) = ©a(h) +iA[W], , (h) +2i (S22 (h) ),

IKS 18. SIAM J. Num. Anal.
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The matrix exponential

e The Magnus expansion

Specialised splittings for Schrodinger equation under laser potential

Spin dynamics and control

e Dynamics
e Computation of gradients
e Optimization strategies
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Orp = (isA +ie7? V(x, t)) ¥,  u(0) = wo,
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Onp = (isA +ie? V(x, t)) ¥, u(0) = wo, A=ihA, B = —i /‘h\/(x,ﬁ)df
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g hp hp 3R 15s W3R hp h
Asymptotic Magnus—Zassenhaus schemes: e2”e28e" Rl e Re3B024,

BIKS 16. Proc. Roy. Soc. A.; IKS 19. J. Comp. Phys.
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Magnus expansion + Splittings

Onp = (isA +ie ' V(x, t)) ¥, u(0) = wo, A=ihA, B = —i /‘h\/(x,ﬁ)df
Jo
] hp hp 3R 15s W3R hp h
Asymptotic Magnus—Zassenhaus schemes: e2”e28e" Rl e Re3B024,

BIKS 16. Proc. Roy. Soc. A.; IKS 19. J. Comp. Phys.
For the Schrodinger equation under influence of laser,

Bp = (ie A — e (Vo(x) + e(t)Tx)) b,

14


https://doi.org/10.1098/rspa.2015.0733
https://doi.org/10.1016/j.jcp.2018.09.047
https://doi.org/10.1016/j.cpc.2018.07.010

Magnus expansion + Splittings

"h

Onp = (isA +ie ' V(x, t)) ¥, u(0) = wo, A=ihA, B =—i / V(x, £) d&

Jo
Asymptotic Magnus—Zassenhaus schemes: e3Aes B RSP RoEBEA,
BIKS 16. Proc. Roy. Soc. A.; IKS 19. J. Comp. Phys.
For the Schrodinger equation under influence of laser,
O = (ie & —ie™ (Vo(x) + e(t) %)) ¥,
using [A,a" x] = 2a" V, we can simplify the order four Magnus expansion to
Os(h) = iheA —ie ' (hVo +r ' x)—s 'V,

where r = p§ = [e(¢)d¢, and s = 2uf = 2 [/ (¢ — &) e(¢) dC.
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For the Schrodinger equation under influence of laser,
O = (ie A —ie™ (Vo(x) + e(t)Tx)) b,

using [A,a" x] = 2a" V, we can simplify the order four Magnus expansion to
Os(h) = iheA —ie ' (hVo +r ' x)—s 'V,

where r = p§ = [e(¢)d¢, and s = 2u§ =2 [ (¢ — &) e(¢) dC. Split:

lgT Py so—1 T 1eT
—1sTv ihea—ie~L(hvy+rTx) —1sTv
e 2 e’ e (vptr  X)g—3 Strang

lipe—1y 1; _1 Ty —2ipe—1y 1; _1 T —Llipe—1lv
e~ gihe TV GiheA—3S(t,h) | V = Zihe TV FiheA—5S(t,h) | V — gihe "IV Compact
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Onp = (isA +ie ' V(x, t)) ¥, u(0) = wo, A=ihA, B=—i /‘h\/(x,ﬁ)df
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A.3B hReh Seh ReiB —A.
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BIKS 16. Proc. Roy. Soc. A.; IKS 19. J. Comp. Phys.
For the Schrodinger equation under influence of laser,
O = (ie & —ie™ (Vo(x) + e(t) %)) ¥,
using [A,a" x] = 2a" V, we can simplify the order four Magnus expansion to
Os(h) = iheA —ie ' (hVo +r ' x)—s 'V,
where r = p§ = [e(¢)d¢, and s = 2u§ =2 [ (¢ — &) e(¢) dC. Split:
—%STVeith—i»—; 1(h\/0+r7x)87%57v

e Strang
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e~ gihe TV GiheA—3S(t,h) | V = Zihe TV FiheA—5S(t,h) | V — gihe "IV Compact

e Strang — reuse any existing fourth order method for the central exponent.
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Asymptotic Magnus—Zassenhaus schemes: e2”e28e" Rl e Re3B024,
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For the Schrodinger equation under influence of laser,
O = (ieA — e (Vo(x) + e(t)Tx)) b,
using [A,a" x] = 2a" V, we can simplify the order four Magnus expansion to
Os(h) = iheA —ie ' (hVo +r ' x)—s 'V,
where r = p§ = v/é”e(()d(, and s = 2uf = 2.['0/’(( — by e(¢)d¢. Split:

16T v ipen_je—1 Tyy _1gT
o35 Vgihea—ic T Vo trTx) —3sT v

Strang

1. =17 Llip A 1 Tv —2ipe—19 Llipen_1 Tv —Llipe—1y
e GiheT TV iheA— 3 S(th) |V —FiheT TV 5iheA—3S(t.h) |V —giheT TV Compact

e Strang — reuse any existing fourth order method for the central exponent.
e Compact — same cost as time-independent Hamiltonian!

IKS 19. Comput. Phys. Commun.
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Numerical examples
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Magnus—Compact fourth-order
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Magnus—Compact sixth-order

The sixth-order Magnus expansion
©4 = iheA —ie Y (hVo(x) + r x)—s V4ie 1" (V Vo) + [A,pT(vvo)] fe,

can be split as
e3ih_25_1qTXe—6h_2pTV(‘(ihsA—ETV)—(—ihs’lV—ﬁih’25’1qTX—E)e—6h_2pTVeSih_za_quX
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time step number of FFTs
—>— Proposed O6 —«— Time Ordered - (’)(hﬁ)

Proposed 06 S., J. Chem. Phys. (2019).

Time Ordered O6 ~ Omelyan, Mryglod & Folk, Comput. Phys. Commun. (2003).
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The matrix exponential

e The Magnus expansion

Specialised splittings for Schrodinger equation under laser potential

Spin dynamics and control

e Dynamics
e Computation of gradients
e Optimization strategies
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Spin dynamics

The Liouville—von Neumann equation,
Oep = L(t)p

describes the dynamics of spins under the influence of a changing magnetic
field.
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describes the dynamics of spins under the influence of a changing magnetic
field.
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Spin dynamics

The Liouville—von Neumann equation,

Oep = L(t)p
describes the dynamics of spins under the influence of a changing magnetic
field.
1500
1040
5o
-0.010 0010
00
-{poo
-1500
Initial assumption: no dissipation £(t) = —iadp(y).

Later: relaxation £(t) = —iadue) + R.
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Single spin

Solution of
p(t)" = —i[H(t),p(t)],  p(0) = po,
is given by
p(h) = Adem po = ™ po e,
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Single spin

Solution of
p(t)" = —i[H(t),p(t)],  p(0) = po,
is given by
p(h) = Adem po = ™ po e,

For a single spin,

q
x
Il
Nl
/N
= o @

Since su(2) is a finite dimensional Lie algebra spanned by ioy, ioy, io,, with
commutator identities

[JX7UY] = iUZ? [o—}/vo-z] = igxa [UZ7UX] = inv

O(h) = —ia(h) - o for some a(h) € R®.
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Single spin

Solution of
p(t)" = —i[H(t),p(t)],  p(0) = po,
is given by
p(h) = Adem po = ™ po e,

For a single spin,

q
x
Il
Nl
/N
= o @

Since su(2) is a finite dimensional Lie algebra spanned by ioy, ioy, io,, with
commutator identities

[JX7UY] = iUZ? [o—}/vo-z] = igxa [UZ7UX] = inv

©(h) = —ia(h) - o for some a(h) € R*. The exact solution should be

expressible as
p(h) _ e—la(h)~0' o ela(h)-o'

)

so long as one can find the correct a. "



Single spin

For single spin, the exponential can be computed exactly,

g in(||all /2 - in 2
e ( cos(|lall/2) — ia: M (—ia, — a)*n(f212 )

(<ot a,) 52 cos((lall/2) + ia. =2

llall

provided we have a good approximation of a.

21



Single spin

For single spin, the exponential can be computed exactly,

: in 2 2 in 2
o—i80 _ < cos(||al|/2) — 132% (—iax — ay)* (H:‘H/ ) )

' 2]
(o + a2 cos(l2) + 1o, 22

llall

provided we have a good approximation of a.

H(t) = e(t) - o, e(t) = (f(t), 8(1),Q),

Order 2 Magnus:

h
R ug:/ e(¢) d¢ = (uh, 4, hS2)
0
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Single spin

For single spin, the exponential can be computed exactly,

: in 2 2 in 2
o—i80 _ < cos(||al|/2) — 132% (—iax — ay)* (H:‘H/ ) )

' 2]
(o + a2 cos(l2) + 1o, 22

llall

provided we have a good approximation of a.
H(t) = e(t)-o, e(t) = (f(1),8(), Q)
Order 2 Magnus:

h
R ug:/ e(¢) d¢ = (uh, 4, hS2)
0

Order 4 Magnus: a = r + s where
o= (QM%, —qQuf, fg/\f’g) .

For multiple spins, only Q changes, so integrals need to be computed once.
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Multiple spins

For multiple isolated spins, the Hamiltonian is

H(t)=e(t)-L,  e(t)=(f(1)L, g(t)L, Q), L=(L.,L,L,),

=x) =y =z
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Multiple spins

For multiple isolated spins, the Hamiltonian is
H(t)=e(t)-L,  e(t)=(f(t)1, g(t)L, Q), L=(L,,L,L,),

=x) =y =z

Coupling between multiple interacting spins described by Hamiltonian H,. The
overall Hamiltonian for coupled spins is

H(t) = e(t)- L+ H,.
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Order 4 Magnus expansion in MagPy (Danny Goodacre (MMath at Bath)).
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Multiple spins

For multiple isolated spins, the Hamiltonian is
H(t)=e(t)-L,  e(t)=(f(t)L, g(t)1, Q), L=(L.L,,L,),

Coupling between multiple interacting spins described by Hamiltonian H,. The
overall Hamiltonian for coupled spins is

H(t) = e(t)- L+ H,.

Order 4 Magnus expansion in MagPy (Danny Goodacre (MMath at Bath)). More
efficient version coming soon. N = 3 spins, 3 qubits.

2nd order

— new
[ R S R (PR o
U (4)
: --- o)
5 —5
° 107>
£
()
&
3

T T T T T TTT] T T

1072 1071

BCFS 23. In preparation. MagPy ‘pip install magpy'. git: github.com/brownadder/magpy
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The matrix exponential

e The Magnus expansion

Specialised splittings for Schrodinger equation under laser potential

Spin dynamics and control

e Dynamics
e Computation of gradients
e Optimization strategies
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Optimal control for spin systems

Let solution of
Oep = L(t;0)p

at time t be given by p(t) = U(t;0)po.
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Fidelity functions
F(0) = f(U(T;0))

e.g.
f(X)="= [Tr (QTXp())} state-to-state

f(X)y==%x [Tr (UiargetX)] gate design
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Optimal control for spin systems

Let solution of
81-{) = L(t; 6') P
at time t be given by p(t) = U(t;0)po.
Fidelity functions
F(0) = f(U(T;0))
e.g.
f(X) =% [Tr (QTXpoﬂ state-to-state
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Gradients and Hessians — Single spin

Single spin H(t;0) = e(t;0) - o.
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Multiple spins & dissipation

Liouville—von Neumann equation

Op = L(t;0) p
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The matrix exponential

e The Magnus expansion

Specialised splittings for Schrodinger equation under laser potential

Spin dynamics and control

e Dynamics
e Computation of gradients
e Optimization strategies

27



Optimal control for spin systems

Let solution of
81-{) = L(t; 6') P
at time t be given by p(t) = U(t;0)po.
Fidelity functions
F(0) = f(U(T;0))
e.g.
f(X) =% [Tr (QTXpoﬂ state-to-state

f(X)y==%x [Tr (UiargetX)] gate design

Aim: Maximize fidelity:
0" = argmax F(0)
0

Local optimization: need gradients

OF L\ OU(T;0)
55 = DAU(T:0) =50,

and Hessians.
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Adaptive optimal control

Numerical solvers S(1), S2), . . ., S(1) with increasing costs and accuracies.

U(T; 09) ~ S(g) = S([)’N S(g)ﬂ[\/_l 000 8(@)’2 8(5),17 with S([)yn ~ U,,

29



Adaptive optimal control

Numerical solvers S(1), S2), . . ., S(1) with increasing costs and accuracies.
U(T; 09) ~ S( 0" S NS(/ s 8(@)’2 8(5),17 with S([)yn ~ U,,

Foy(0) :=F(Sy(0)) =~ F(U(T;0)) = F(0).

29



Adaptive optimal control

Numerical solvers 51y, S(2), - - ., S() with increasing costs and accuracies.
U(T; 09) ~ S(g) = S([)’N S(g)ﬂ[\/_l 000 8(@)’2 8(5),17 with S([)yn ~ U,,

Fio(0) :=f(S0(0)) =~ F(U(T:0)) = F(0).
Method for computing gradients of these solvers with respect to 6.

= Df(s(f)@))%&fg),

F1)(9)
90,

29



Adaptive optimal control

Numerical solvers 51y, S(2), - - ., S() with increasing costs and accuracies.
U(T; 09) ~ S(g) = S([)’N S(g)ﬂ[\/_l 000 8(@)’2 8(5),17 with S([)yn ~ U,,

Fio(0) :=f(S0(0)) =~ F(U(T:0)) = F(0).
Method for computing gradients of these solvers with respect to 6.

OF)(0) 0S)(0)
00, 06, '

Adaptively moving to higher accuracy solver as we approach optima.

= Df (S, (0))

29



Adaptive optimal control

Numerical solvers 51y, S(2), - - ., S() with increasing costs and accuracies.
U(T; 09) ~ S(g) = S([)’N S(g)ﬂ[\/_l 000 8(@)’2 8(5),17 with S([)yn ~ U,,

Fio(0) :=f(S0(0)) =~ F(U(T:0)) = F(0).
Method for computing gradients of these solvers with respect to 6.

OF)(0) 0S)(0)
00, 06, '

Adaptively moving to higher accuracy solver as we approach optima.

= Df (S, (0))

Assume F(0*) = 1.

29



Adaptive optimal control

Numerical solvers 51y, S(2), - - ., S() with increasing costs and accuracies.
U(T; 09) ~ S(g) = S([)’N S(g)ﬂ[\/_l 000 S(g)’g S(Z),h with S([)yn ~ U,,

Fio(0) :=f(S0(0)) =~ F(U(T:0)) = F(0).
Method for computing gradients of these solvers with respect to 6.

OF)(0) 0S)(0)
00, 06, '

Adaptively moving to higher accuracy solver as we approach optima.

= Df (S, (0))

Assume F(0) = 1. Let tolr be terminating threshold for F,
N-F < [1-Fol+|Fey—F < (Q+&r)l-Fyl < tolr,
Move from Sy to S(y41) when the following is violated:

|Foy—FI < kx|l — Fol

29



Adaptive optimal control

Numerical solvers 51y, S(2), - - ., S() with increasing costs and accuracies.
U(T; 09) ~ S(g) = S([)’N S(g)ﬂ[\/_l 000 S(g)’g S(Z),h with S([)yn ~ U,,

Fio(0) :=f(S0(0)) =~ F(U(T:0)) = F(0).
Method for computing gradients of these solvers with respect to 6.

OF)(0) 0S)(0)
00, 06, '

Adaptively moving to higher accuracy solver as we approach optima.

= Df (S, (0))

Assume F(0) = 1. Let tolr be terminating threshold for F,
1-F < N-Fyl+|Ro-Fl < @Q+sr)1-Fgl < tolr,
Move from Sy to S(y41) when the following is violated:
|Fo = FI < kx|l = Fgl.

This system of inequalities enforces the termination criteria
tolr
- l+4kr 29

|1 = Fo



Adaptive optimal control

Numerical solvers 51y, S(2), - - ., S() with increasing costs and accuracies.
U(T; 09) ~ S(g) = S([)’N S(g)ﬂ[\/_l 000 S(g)’g S(Z),h with S([)yn ~ U,,

Fio(0) :=f(S0(0)) =~ F(U(T:0)) = F(0).
Method for computing gradients of these solvers with respect to 6.

OF)(0) 0S)(0)
00, 06, '

Adaptively moving to higher accuracy solver as we approach optima.

= Df (S, (0))

Assume F(0) = 1. Let tolr be terminating threshold for F,
1-F < N-Fyl+|Ro-Fl < @Q+sr)1-Fgl < tolr,
Move from Sy to S(y41) when the following is violated:
Fiop = Fernl < wF|1 = Fol-

This system of inequalities enforces the termination criteria
tolr
- l+4kr 29

|1 = Fo



Numerical results
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GFS 22. Science Advances. QUALA github.com/superegol01/qoala
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Optimal Control

e Do not need the most accurate method far from optima
e Compute gradients of the solver (discretise then optimise)

e Can compute exact gradients and Hessians efficiently using Lie algebraic
techniques

Quantum Dynamics

o Need methods with different accuracies and costs

Would like to conserve physical properties
e Magnus expansion for time-dependent controls

e Lanczos applies generally but struggles in many applications

Magnus + Splittings specialised for individual systems much more efficient

e Can take steps larger than wavelength of oscillatory driving pulse
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Based on joint works with

e Quantum dynamics
e Rational approximations. PDE or ODE.
Tobias Jawecki (TU Vienna). JS 23. Under review; JS 23. In preparation.
e Magnus expansion-based methods. PDE. Schrédinger .
Philipp Bader (Jaume 1), Arieh Iserles (Cambridge), Karolina Kropielnicka (Gdansk + IMPAN).
o Magnus—Lanczos. electrons. IKS 18. SIAM J. Num. Anal.
o Magnus—Zassenhaus splittings. nuclei. BIKS 16. Proc. Roy. Soc. A.; IKS 19. J. Comp. Phys.
e Magnus—Compact splittings. electrons. IKS 19. Comput. Phys. Commun.; S 19. J. Chem. Phys.
o Commutator-free. ODE. Hubbard. W. Auzinger, J. Dubois, K. Held, H. Hofstitter, T. Jawecki, A. Kauch, O.
Koch, K. Kropielnicka, P. S., C. Watzenback 22. J. Comput. Math. Dat. Sci..
e Quantum circuits. ODE. LuN. Spins.
Chris Budd (Bath), Guannan Chen (Bath), Mohammadali Foroozandeh (Oxford — Zurich Instruments).

BCFS 23. In preparation.

e Optimal control. ope L. spins
David Goodwin (Oxford), Mohammadali Foroozandeh (Oxford — Zurich Instruments), Ali Sherzod (Oxford)

e Computation of gradients. Fs22. Automatica. GFS 22. Science Advances.
e Optimization strategies. GFs 22. Science Advances.; FSS 23. In preparation.

Packages: MagPy ‘pip install magpy’; git: github.com/brownadder/magpy;

ESCALADE doi:10.17632/82284359m5; QOALA github.com/superego101/qoala
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